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Abstract—Along with the evolution of wireless technologies,
users are expected to have high-throughput and low-latency in-
door mobile applications, such as augmented reality and virtual
reality. Therefore, the use of millimeter-wave for low-latency com-
munications becomes attractive. Under low-latency criteria, a fast
multi-link establishment is desired. In this paper, we present a novel
concurrent multi-beam training jointly with a proposed multi-
beam codebook. First, we propose a progressive multi-beam estima-
tion (PMBE). This algorithm makes multiple coarse beams emerge
within a few training steps. Second, we propose a Fast Fourier
Transform (FFT)-based codebook which can be considered as a
Discrete Fourier Transform based codebook built in a bit-reversal
scrambler, thus forming a scattering multi-beam codebook. This
FFT-based codebook design is optimally implemented on a sub-
connected architecture, a hardware-efficient architecture. For fast
multi-link establishment, we design our concurrent multi-beam
training by combining the proposed PMBE jointly with the pro-
posed FFT-based codebook, so as to further improve multiplexing
gain. Since multiplexing gain can occur immediately, even under
strictly-limited training steps, the high data rate can be achieved.
Simulation results show that when reaching more than 95% capac-
ity gain of exhaustive channel estimation, our work only spends 1%
training steps of the exhaustive case.

Index Terms—Indoor communications, high throughput, low
latency, multi-path channel estimation, low-cost architectures.

I. INTRODUCTION

THE upcoming fifth Generation wireless communication
standard (5G) supporting low latency creates new in-

door business demands [1]. More and more users are ex-
pected to enjoy high-throughput and low-latency indoor mobile
applications, such as 3-dimensional augmented reality (AR),
and virtual reality (VR) [1]–[3]. Due to huge amounts of
aboundent spectrum, millimeter-wave (mmWave) transmission
has been a promising indoor technology [4]–[6]. The use of
indoor mmWave transmissions further reveal two significant
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advantages. First, the antenna size and spacing at the mmWave
frequency are quite small. Hence, massive antenna arrays can be
realized and provide higher array gain, an increase in data rate.
Secondly, compared with outdoor environments, indoor envi-
ronments have a large amount of reflections. Therefore, indoor
mmWave channels must be multi-path channels [7]. An futher
increase in data rate, spatial multiplexing gain, can be attained.

To build a mmWave link, analog beamforming techniques
[8]–[11] have been applied to single communication beam. Due
to its lack of multiplexing gain, recently, hybrid beamforming
solutions [12]–[16] has been proposed to realize multi-stream
transmissions, where a small number of radio frequency (RF)
chains are tied to a large antenna array. Due to massive antenna
arrays, a full CSI estimation is time costly on a hybrid precod-
ing structure. However, before the multi-stream establisment,
multi-path channel information (MP-CSI) is essential. Hence,
an effective multi-beam training must be developed.

One straightforward multi-beam trainging is the exhaustive
search. The exhaustive search sequentially searchs all possible
beams, and find efficient beams for multi-stream transmissions.
For fast multi-stream establishment, an interleaved training
design [17] early stops the exhaustive search if the estimated
beams are suffienct to avoid outage. Another popular method of
the multi-beam training is angular-based estimations [18]–[22].
These training methods combine an angular-based codebook
with a hierarchical tree-searching algorithm. These angular-
based estimations first train all possible low-resolution beams
covering an intended angle range, and select the best trained
beam. After that, higher-resolution beams contained by the
selected beam are trained, and the best higher-resolution beam
is selected afterwards. This training procedure continues until
the best beam with the highest resolution is found. Through
this training procedure, the angular-based estimations [18]–
[22] build multiple channel links from the best to the worst
highest-resolution beams. Overall, no matter the exhaustive
search, the interleaved training design, or the angular-based
estimations perform, these multi-beam training algorithms
intend to sequentially establish multiple links from one beam
to another beam, as shown in Fig. 1(a).

More recently, attentions of the angular-based estimations
[18]–[22] shift to hardware efficiency of using different hybrid
array structures. On a fully-connected structure, the angular-
based algorithms in [18], [19] need large number of phase
shifts to shape high-quality beams. On a sub-array structure,
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Fig. 1. Illustrations of the multi-beam trainings under limited training steps:
(a) Sequential multi-beam trainings [18]–[22] via angular-based estimations;
(b) Concurrent multi-beam training via progressive multi-beam estimation. The
red crosses mean the beam training ends since the training time is up.

the angular-based algorithm in [20] can be completed by gen-
erating suboptimal beams. Moreover, on a sub-connected struc-
ture, another suboptimal beams [21], [22] for the angular-based
algorithm are designed by antenna deactivation, that is, turn
off part of antennas. In general, sub-array structures [20] and
sub-connected structures [26], [27] outperform fully-connected
structures in hardware efficiency because of reduction of the
number of phase shifts.

Even if the angular-based estimations can be completed on
a sub-connected structure, these sequential multi-beam train-
ings [17]–[20] are not suitable for some resource-hungry de-
vices. With regard to ultra-low latency and high-throughput mo-
bile applications, such as VR and AR, required training time is
strictly-limited, and hardware cost is strictly-limited as well [1],
[23]–[25]. Suffering from the limitations, high-throughput de-
vices still desire a support of multi-stream communications. Be-
cause of the strictly-limited training time, these methods only
can establish few channel links, as shown in Fig. 1(a). That re-
sults in loss of multiplexing gain and reduction of the achievable
data rate. Hence, it is very challenging to fulfill the stringent tim-
ing requirements of various high-throughput services.

To address these problems, in this paper, we propose a novel
concurrent multi-beam training. Our method makes multiple
coarse beams emerge within a few training steps, and refines
them until the training time expires, as shown in Fig. 1(b). As
a result, even under stringent training constraints, multi-stream
communications can be built immediately. Moreover, in order
to futher enhance multiplexing gain, we jointly design a con-
current multi-beam training with a multi-beam codebook. More
importantly, The multi-beam codebook can be optimally imple-
mented on a sub-connected structure. Table I lists the differences
among the related works and our proposed algorithms. The main
contributions of this paper are summarized as follows:

TABLE I
COMPARISONS OF RELATED MULTI-BEAM TRAININGS

1) We first propose a Progressive Multi-Beam Estimation
(PMBE) which probes multiple channel gains concur-
rently instead of sequentially. This algorithm provides a
preliminary concurrent multi-beam training design. Based
on a DFT-based (Discrete Fourier Transform) codebook
[8], this method is also called DFT-based PMBE. The
PMBE takes only 3% training steps of exhaustive search
to achieve 85% spectral efficiency of the exhaustive case.

2) For higher multiplexing gain, we propose a new multi-
beam codebook, called an FFT-based (Fast Fourier
Transform) codebook. The FFT-based codebook can
be considered as a DFT-based codebook built in a bit-
reversal scrambler. Each FFT-based probing vector forms
a scattering multi-beam pattern. Hence, the probing
vectors probe multiple spatial directions simultaneously,
so as to enhance the multi-link establishment. To be more
hardware-efficient, we can realize the FFT-based probing
vectors on any sub-connected architectures.

3) We jointly design the concurrent multi-beam training
with the FFT-based codebook, called FFT-based PMBE.
This combination builds multi-stream communications in
much fewer training steps. The FFT-based PMBE takes
only 1% training steps of the exhaustive search to achieve
95% spectral efficiency of the exhaustive case.

The remainder of the paper is organized as follows. In
Section II, we give some background knowledge about previous
works. Section III presents the DFT-based PMBE. Section IV
gives the numerical analysis of the DFT-based PMBE. Section V
introduces the FFT-based codebook and the FFT-based PMBE.
The simulation results of the FFT-based PMBE are shown in
Section VI. Section VII concludes this paper.

II. SYSTEM MODEL AND RELATED WORKS

A. Notations

We use following notations for signal modeling and algorithm
development:
� A is a matrix.
� a is a vector.
� a is a scalar.
� a(l) is a function with a variable l.
� a(l) is a vector with a variable l.
� a{l} is the l-th element of the vector a.
� A[t] is a matrix at the training step t.
� |A| is the determinant of A.
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Fig. 2. A multi-path channel estimation with a hybrid structure at the both
transmitter and receiver.

� CN (a,A) is a complex Gaussian vector with mean a and
covariance matrix A.

� ⊗ and ◦ denote the Kronecker product and Hadamard prod-
uct, respectively.

� 0N×M denotes an N ×M zero matrix.
� IN denotes an N ×N identity matrix.
� The superscripts T, H, and −1 denote the transpose, con-

jugate transpose, and inverse, respectively.

B. Probing Matrixes and Training Steps

A multi-path MIMO channel estimation using a hybrid struc-
ture is illustrated in Fig. 2. The transmitter (TX) and re-
ceiver (RX) are equipped with Nt transmit and Nr receive
antennas respectively and communicate via Ns independent
data streams, such that Ns ≤ N t

RF ≤ Nt and Ns ≤ Nr
RF ≤ Nr

[12]–[14], where N t
RF and N r

RF stand for the number of TX
RF chain and RX RF chain, respectively. A precoder is split
into a baseband precoder FBB ∈ CNt

RF×Ns and an RF pre-
coder FRF ∈ CNt×Nt

RF . An RF chain is practically imple-
mented by a digitally-controlled RF phase shifts with q bits per
element. Meanwhile, the diagonal elements of the diagonal ma-
trix FAP ∈ CNt×Nt represents the properties of amplifiers after
phase shifter on each branch. Similarly, the parallel structure is
applied to combiner ZRF.

To estimate a target wireless channel, channel probing tech-
nologies are applied. For a given MIMO channel, the received
signal can be expressed as:

r =
√
ρ (ZH

BBZ
H
RFZ

H
AP)H(FAPFRFFBBs)

+ (ZH
BBZ

H
RFZ

H
AP)n, (1)

where s is Ns-dimensional symbol vector, ρ denotes an aver-
age signal power of the received signal, n ∈ CNr×1 is a noise
vector modeled as CN (0, σ2

nINr
), and H ∈ CNr×Nt is a multi-

path MIMO channel. Within the maximum training step Tmax,
the received signal at the t-th (t < Tmax) training step can be
expressed as:

yt =
√
ρ ZH

t HFtst + ZH
t n. (2)

Ft = FAP[t]FRF[t]FBB[t] and Zt = ZAP[t]ZRF[t]ZBB[t] rep-
resent the TX probing matrix and the RX probing matrix, respec-
tively. We combine all received vectors, TX probing matrices,

Fig. 3. An example of the angular-based estimations [18]. (a) A hierarchi-
cal angular-based codebook with multiple levels (b) A depth-first searching
algorithm.

and RX probing matirces before the t-th training step into

Yt = [y1,y2, . . . ,yt] , (3)

Ft = [F1,F2, . . . ,Ft] and Zt = [Z1,Z2, . . . ,Zt], repec-
tively. At the t-th training step, the estimated MIMO channel,
̂H, can be derived as:

̂H = ̂H [t] = Est
(

Yt,Ft,Zt, σ
2
n

)

. (4)

Est(·) refers to a channel estimation function, such as LS
(Least Square) and MMSE (Minimum Mean-Square Error)
channel estimations. In general, any estimated CSI can be
derived from probing matrixes, received signals, and noise
information.

C. Sequential Multi-Beam Trainings [18]–[22]

Due to multi-path sparsity and high-directivity of mmWave
channels, AoAs (Angle of Arrival) and AoDs (Angle of Depar-
ture) are significant parameters for a low-complexity channel es-
timation. The authors [18]–[22] assume that the AoAs and AoDs
are taken from a uniform grid of N points. To detect spatial angu-
lar directions, the authors exploited a hierarchical angular-based
codebook with multiple levels, as shown in Fig. 3(a). Each vector
of this codebook is a probing vector with certain beamwidth, a
sub-range of AoAs and AoDs. For example, the probing vector
with the highest resolution refers to the narrowest beamwidth
with a resolution of 2π/N .

Based on a hierarchical angular-based codebook, angular-
based estimations [18]–[22], like a depth-first tree searching
method, always pick up the largest probing gain at a low-
resoluton level and then shifted to the next high-resolution level,
as shown in Fig. 3(b). When the searching method goes into
the highest-resolution level, one single-path information with
its AoA, its AoD, and its probing gain is estimated. Then, by it-
eratively executing this process L times, the estimated MP-CSI
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Fig. 4. An example of the proposed DFT-based codebook. (a) Hierarchical DFT-based codebook with the partition parameter M = 2 for a transmitter with eight
antennas. (b) Beam pattern of a DFT-based codebook with 64 antennas.

including L dominant single-path information is derived by

̂HA =

√

NtNr

L

L
∑

l=1

α̂lar(ϕ̂
r
l)a

H
t

(

ϕ̂t
l

)

, (5)

where α̂l is the l-th estimated gain, ϕ̂r
l and ϕ̂t

l represent the l-
th estimated AoA and AoD, respectively. The array response
vector,

a (ϕ) =
1√
Na

[

1, ej
2π
λ
dsin(ϕ), . . . , ej(Na−1) 2π

λ
dsin(ϕ)

]T

, (6)

is an Na-elements uniform linear array (ULA), where d and
λ stand for the antenna spacing and the signal wavelength,
respectively.

These sequential multi-beam trainings [18]–[22] aim to build
multiple links from the best link to the worst link. However,
within a stringent training time, these algorithms only establish
few dominant links and be forced to abandon others, thereby
losing multiplexing gain. Hence, in next section, we intend to
develop a concurrent multi-beam training. Even under limited
training steps, high spectral efficiency is achieved since multi-
plexing gain occurs immediately.

III. CONCURRENT MULTI-BEAM TRAINING

A. Hierarchical DFT-Based Codebook

An mmWave physical channel [29] with only a few dominant
paths can be modeled as a DFT-based channel representation
[13], [30]. Therefore, we start from a Nt-point DFT unitary
matrix

WNt
=

1√
Nt

[

ω0
Nt

ω1
Nt

. . . ωNt−1
Nt

]

, (7)

where ωb
Nt

is the b-th column of the Nt-point DFT matrix with-
out power normalization. We design a hierarchical DFT-based
codebook consists of Smax + 1 level, where Smax = logMNt.

Fig. 4(a) depicts the DFT-based codebook structure of a trans-
mitter with eight antennas, and Γs presents a set of all probing
vectors at the level s, where s = 0, 1,∼Smax.

For a proposed DFT-based codebook, each probing vector at
the highest levelSmax are designed as an column of theNt-point
DFT matrix in increasing order (DFT order), such as

fSmax ,c =
1√
Nt

ωc
Nt

, (8)

where fs,b represents a probing vector at the level s with a prob-
ing index b, and c = 0, 1, . . . , Nt − 1. Hence, the highest level
Smax is also called the DFT-resolution level. Then, we design
each probing vector at the level s-1 as a linear combination of
some probing vectors at the level s, such as

fs−1,b =
1√
M

M−1
∑

r=0

fs,bM+r. (9)

M is a design parameter for codebook partition. Therefore,
from (9), any probing vector can be easily reformulated as

fSmax−n,b =
1√
Mn

Mn−1
∑

r=0

fSmax ,bMn+r, (10)

where n is a non-negative integer less than Smax . According
to (8) and (10), all probing vector of the proposed codebook
are a linear combination of some columns of the Nt-point DFT
matrix. Fig. 4(b) shows the beam patterns of the DFT-based
probing vectors, and each probing vector has a roughly angular
direction.

B. Progressive Multi-Beam Estimation (PMBE)

For the convenient explanations, the parameters Nt, N
t
RF ,

and M are set as power-of-two numbers. If a channel estimation
method is capable of probing a MIMO channel toward different
clusters, multiplexing gain occurs immediately. The proposed
PMBE, like a breadth-first tree searching method, picks up Ns-
best probing gains at one level and then shifts to next level. After
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TABLE II
PROGRESSIVE MULTI-BEAM ESTIMATION

repeating this process, we can derive theNs-best DFT-resolution
gains at the DFT-resolution level, and iteratively obtain the fol-
lowing Ns-best DFT-resolution gains. Table II depicts the detail
operations of our algorithm.

The proposed algorithm operates as follows: In the initial
stage, we set an initial level Sint for the TX and the RX code-
book structures (fs,b, zs,b). Then, we only use the probing vec-
tors whose level are equal or higher than Sint. At the level Sint,
by adaptively switching all the TX and the RX probing vectors,
the RX measures several channel gains. Then, the RX com-
pares these estimated gains and determines the Ns-best domi-
nant gains (with largest effective powers). We select Ns TX and
Ns RX probing vectors which detect the Ns-best gains.

After that, each of the selected Ns TX and Ns RX probing
vectors is divided into M new probing vectors at the next level
Sint + 1. Then, our algorithm shifts to the next level. Similarly,
by adaptively switching these the new TX and the new RX prob-
ing vectors, N 2

sM
2 gains can be estimated. The RX compares

these estimated gains and selects the Ns-best estimated gains.
Then, our algorithm shifts to the next level again. We proceed
with this process until the DFT-resoluiton level Smax is reached.
Finally, we can acquire Ns DFT-resolution gains, Ns TX, and

Ns RX probing indexes at the level Smax . We store these values
into the vectors, ppv, ipt, and ipr, respectively.

If training time is still available, we iterate PMBE from the
initial level Sint again. The process of the following iterations,
similar to previous steps, starts from the initial level Sint, and
detects the following Ns-best channel gains at each level after
removing the contributions of the previously estimated gains.
As the level Smax is reached again, we store the following Ns

DFT-resolution gains,Ns TX andNs RX probing indexes into its
vectors, ppv, ipt and ipr, respectively. This iterative procedure
is executed until training time expires. Finally, the estimated
channel can be reconstructed as

̂Hp =

pNs
∑

l=1

ppv {l}
[

zSmax ,ipr{l}
]

[

fHSmax ,ipt{l}
]

, (11)

where p is the number of iterations.

C. Hybrid Design of the DFT-Based Probing Vectors

To ensure all used probing vectors can be implemented opti-
mally, the condition of Sint is defined as

Sint ≥ Smax − logMN t
RF = logMNt − logMN t

RF . (12)

The proposed PMBE only exploits the probing vectors
fSmax−n,q whose level are equal or higher than Sint, such as

Smax − n ≥ Sint ≥ Smax − logMN t
RF . (13)

From (13), we can derive

N t
RF ≥ Mn. (14)

Then, we setFAP = INt
.From (8) and (10), the used probing

vector fSmax−n,q can be easily rewritten as

fSmax−n,q =
1√
Mn

Mn−1
∑

r=0

1√
Nt

ωqMn+r
Nt

(15)

= Fc
RF F1

BB + Fres
RFF

0
BB

= [Fc
RF Fres

RF]
[

F1
BB F0

BB

]

= FRF FBB, (16)

such that

Fc
RF =

[

ωqMn+1
Nt

. . . ω
Mn(q−1)
Nt

]

Nt×Mn
, (17)

Fres
RF =

[

ωres
Nt

. . . ωres
Nt

]

Nt×(Nt
RF−Mn) , (18)

F1
BB =

1√
Nt

[

1√
Mn

1√
Mn

. . .
1√
Mn

]T

Nt
RF×1

, (19)

and

F0
BB = 0Nt

RF×(Ns−1) . (20)

ωres
Nt

comes from any column of the Nt-point DFT matrix.
Hence, we derive FRF = [Fc

RF Fres
RF] and FBB = [F1

BB F0
BB].

Since the condition of (14), all used probing vectors are
analog-only design on a fully-connected structure. Similarly,
all the described techniques equally are applied to the receiver
combiner.
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IV. SIMULATION RESULTS OF THE DFT-BASED PMBE

In this section, we numerically evaluate the performance of
our PMBE algorithm. We use an expression of the achievable
data rate as a performance metric, given by

R (FRFFBB,ZRFZBB) (21)

= log2

∣

∣

∣INs
+

ρ

Ns
R −1

n ZH
BBZ

H
RFHFRFFBB

×FH
BBF

H
RFH

HZRFZBB

∣

∣

∣, (22)

where Rn = σ2
n ZH

BBZ
H
RFZRFZBB is a noise covariance

matrix. We exploit the Algorithm 1 of [15] to design the
hybrid beamforming parameters (FRF, FBB, ZRF, ZBB)
after performing SVD (Singular Value Decomposition) on an
estimate ̂H.

A. Simulation Setup

Based on the Saleh Valenzuela model, a geometric mmWave
channel model is widely used as

H =

√

NtNr

L

L
∑

l=1

αlar (ϕ
r
l )a

H
t

(

ϕt
l

)

, (23)

where L is the number of the channel path, ϕt
l ∈ U(−π, π) and

ϕr
l ∈ U(−π, π) correspond to the l-th path’s AoD and AoA, re-

spectively. Array response vectors at(ϕt
l) and ar(ϕ

r
l) are given

by (6). The path amplitudes are assumed to be Rayleigh dis-
tributed, i.e., αl ∼ CN (0,Pp) with Pp the average channel
power.

We adopt a sparse mmWave model (23) as L = 4 and a
fully-connected structure with Nt = 64, Nr = 16, N t

RF =
16, Nr

RF = 4, and Ns = 4. Because of the use of the large
number of RF chains, adaptive channel estimation (ACE) [18]
represents a sequential multi-beam training which shapes the
most high-quality beams; On the other hand, exhaustive search
represents a sequential multi-beam training which only exploits
the highest-resolution beams. Hence, we can use ACE and ex-
haustive search as two benchmarks of the sequential multi-beam
trainings. The codebook partitions of the angular-based code-
book and the DFT-based codebook equal to two (M = 2). All
curves are averaged over 100 channel realizations.

B. Refinement Mechanism: Concurrent Multi-Beam Training

We start by investigating the difference between optimal
eigenbeams and estimated eigenbeams. Performing SVD on a
estimated CSI, we derive TX eigenbeams and RX eigenbeams
from the right and left singular vectors, repectively. In Fig. 5 and
Fig. 6, the red line and blue line represent the optimal eigenbeam
pattern and the estimated eigenbeam pattern, respectively. Over
the same 4-path mmWave channel, the optimal eigenbeams in
Fig. 5 and Fig. 6 are identical, and the directions are toward four
different AoAs.

Fig. 5 shows the eigenbeam transformation by ACE. From
Fig. 5(a) to (d), the number of the iterations defined in [18] are
from 1 to 4, respectively. Since ACE estimates the mmWave

Fig. 5. RX beam pattern process by performing ACE [18]. In (a) to (d), the
number of iterations defined in [18] are from 1 to 4, respectively. Red line rep-
resents the optimal eigenbeams. Blue line represents the estimated eigenbeams
with the resolution, N = 256.

Fig. 6. RX eigen-beam pattern process by performing the DFT-based PMBE.
Parameter p represents the number of the iterations. As a result, our algorithm
leads to a concurrent multi-beam training.

channel path by path, it results in the sequential multi-beam
training. On the other hand, Fig. 6 shows the eigenbeam trans-
formation by DFT-based PMBE. From Fig. 6(a) to (c), the num-
ber of the iterations are 1, 4, 8, and 12, respectively. As the
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Fig. 7. Comparison of the training overhead with the other estimation methods
(Ns = 4, Sint = 3). Compared with the other cases, the DFT-based PMBE
leads to a progressive performance.

iteration increases, the estimated eigenbeams concurrently ap-
proach to the optimal eigenbeams. Hence, our proposal leads to
the concurrent multi-beam training.

C. Multi-Beam Mechanism: Multi-Beam Effect

As we discussed above, ACE represents a sequential multi-
beam training. In Fig. 5, ACE shows its beamforming transfor-
mation from a precise single beam to precise multiple beams.
However, within the limited training steps (the limited iteration),
ACE only build few stream transmissions because of the exhaus-
tion of the limited training time. That results in loss of multiplex-
ing gain and reduction of the achievable data rate. By contrast,
our PMBE leads the concurrent multi-beam training. As shown
in Fig. 6, PMBE transforms beamforming from coarse multiple
beams to precise multiple beams. Because of this, multi-stream
communications can be established immediately. Hence, even
under limited training steps, high spectral efficiency is achieved
since multiplexing gain occurs.

Achievable spectral efficiency at different training steps are
simulated in Fig. 7. If a system limits traing time to 300 train-
ing steps, ACE algorithm fails. PMBE still reaches more than
68% spectral efficiency of exhaustive search. If a system limits
training time to 500 training steps, PMBE can bring 1.8 times
of spectral efficiency of ACE. As a result, PMBE brings a sig-
nificant improvement within strictly-limited training steps.

V. JOINT CONCURRENT MULTI-BEAM TRAINING AND

MULTI-BEAM CODEBOOK DESIGN

From the previous results, the multi-beam effect plays an
important role for a system requiring a short training time.
Fig. 6 indicates that the DFT-based PMBE cannot detect some

optimal eigenbeams at a small iteration (p = 1). This is be-
cause a multi-path mmWave channel always has a line-of-
sight (LOS) path with large energy and a few non-line-of-sight
(NLOS) paths with relevant smaller energy. The DFT-based
PMBE inherently picks up the large multiple gains. The esti-
mated eigenbeams inherently belong to the optimal eigenbeams
with larger eigenvalues (the large energy paths). Therefore, the
DFT-based PMBE is not powerful enough. Moreover, the DFT-
based probing vectors are implemented on a fully-connected
structure in Fig. 8(a). It is hardware costly. To address these prob-
lems, in this section, we propose a spatial scrambler, and then
jointly design the DFT-based PMBE with the proposed spatial
scrambler.

A. DFT-Based Codebook With a Build-In Scrambler

To detect multiple eigenbeams even with small eigenvalues,
the probing vectors should be redesigned to probe multiple
directions simultaneously. We propose a spatial scrambler for
the DFT-based codebook. This spatial scrambler scrambles the
index of the Nt-point DFT matrix (Fig. 9(a.1)) in linear or-
der into bit-reversal order (Fig. 9(a.2)), named as FFT or-
der. After scraming, the probing vectors at the level Smax

are reassigned by a column of Nt-point DFT matrix in FFT
order. Then, we group this new permutation into a hierarchi-
cal codebook structure, and name this codebook structure as
the FFT-based codebook. Fig. 9(a) shows the proposed FFT-
based codebook. Fig. 9(b) shows the FFT-based probing vec-
tors are composed of multiple angular directions. The spatial
scrambler transfers the DFT-based codebook into a multi-beam
codebook.

If a channel estimation probes multiple angular directions at
the same training step, the eigenbeams with small eigenvalues
can be estimated simultaneously. Based on this idea, we enhance
the concurrent multi-beam training by combining our PMBE
joinly with the FFT-based codebook, called FFT-based PMBE.
That is, we jointly design the DFT-based PMBE built-in with a
spatial scrambler.

In the traditional OFDM communication, FFT is used to take
a time domain signal and separate it into its different frequency
components. In our scheme, FFT is used to separate an incoming
signal into multiple spatial directions to enhance the multi-beam
effect. The FFT-based codebook is a powerful medium to im-
prove achievable data rate.

B. Simple Expressions of the FFT-Based Probing Vectors

Without loss of generality, we assume Nt = 8 and de-
sign the FFT-based probing vectors at the highest level Smax

as the columns of the 8-point FFT matrix. In the case of
Fig. 9(a),

f3,4 =
ω1

8√
8
, and f3,5 =

ω5
8√
8

(24)

According to (9), the FFT-based probing vector f2,2 is a lin-
ear combination of f3,4 and f3,5. Then, we sum up its value
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Fig. 8. Hybrid precoding design of the proposed FFT-based probing vector. (a) Fully-connected architecture, where each RF chain is connected to all TX antennas.
(b) Sub-connected architecture, where each RF chain is connected to only a subset of TX antennas. (c) Analog beamforming architecture, where one RF chain is
connected to all TX antennas.

Fig. 9. An example of a hierarchical codebook with partition parameter M = 2. (a) The proposed FFT-based codebook structure (Nt = 8). (b) Beam pattern of
the proposed codebook with 64 antennas.

directly as

f2,2 =
1√
2
(f3,4 + f3,5) =

1√
2

(

ω1
8√
8
+

ω5
8√
8

)

(25)

=
1√
16
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⎢

⎢

⎢

⎢

⎢

⎢
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⎢
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1
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ω

−1
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⎥

⎥

⎥

⎥

⎥
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⎦

+
1√
16

⎡
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⎢

⎢

⎢
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−iω
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−ω
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ω
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⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

=
1√
4

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1

0

i

0

−1

0

−i

0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (26)

The right term of (26) shows that the odd-numbered entries of
f2,2 are zero, and even-numbered entries of f2,2 are the elements
of the 4-point FFT matrix. After recursive calculation, we can
derive the values of all FFT-based probing vectors, as shown in

Fig. 10. All entries belong to 0, or ej
2πkn
Nt times a normaliza-

tion factor, where n = 0 ∼ 7. Then, we can simplify the expres-
sions of the FFT-based probing vectors, as shown in Fig. 11. For

example,

f2,2 =
ω1

4√
4

⊗
[

1

0

]

. (27)

This simplification demonstrates that any FFT-based prob-
ing vector at the level s can be expressed as a Kronecker
product of a column of the 2s-point FFT matrix and a vector
[1, 0, . . . , 0]T1×23−s . In general, if we set ωb̂

m as the b̂-th column
of the m-point DFT matrix without power normalization, where
b̂ represents the bit-reversal value of b with m bits, the following
Lemma holds.

Lemma 1: Any probing vector from a FFT-based codebook
can be expressed as the following equation,

fSmax−h,k =

√

m

Nt

(

ωk̂
Nt
m

⊗ jm

)

, (28)

where k = 0, . . . , Nt

m − 1, m = 2h, and jm = [1, 0, . . . , 0]T1×m.
Proof: Please refer to Appendix A.

C. Hybrid Design of the FFT-Based Probing Vectors on a
Sub-Connected Structure

Three typical architectures are considered: fully-connected,
sub-connected and analog beamforming architectures, as shown
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Fig. 10. Probing vectors of the FFT-based codebook with Nt = 8. All en-

tries of the FFT-based probing vectors are belong to zero or e
j2πn

8 times a
normalization factor, where n = 0 ∼ 7.

in Fig. 8(a), (b), and (c), respectively. The sub-connected and
analog beamforming architectures are more energy-efficient and
hardware-efficient. Now, we explain that how to realize a FFT-
based probing vector on a sub-connected architecture by antenna
deactivation.

As shown in Fig. 8(b), a sub-connected architecture is com-
posed of one phase shift array fRF, one amplifier array fPA,
and one baseband precoder FBB. Hence, on a sub-connected
structure, a target probing vector fs,k should be optimally im-
plemented by

fs,k = (fPA ◦ fRF )FBB. (29)

Take the hybrid design of f2,2 as an example. From the simple
expression of f2,2, we get

f2,2 =
ω1

4√
4

⊗
[

1

0

]

(30)

=
1√
4

[

1 0 i 0 −1 0 −i 0
]T

. (31)

Fig. 11. Probing vectors of the FFT-based codebook withNt = 8. The probing
vector at the level s in increasing order equals the Kronecker product of a column
of the 2s-point DFT matrix in FFT order and a vector [1, 0, . . . , 0]T

1×23−s .

Then, we rewrite the probing vector f2,2 as

f2,2 =
1√
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⎟

⎟

⎠

× INs
(32)

= (fPA ◦ fRF )FBB, (33)

where ◦ denotes the Hadamard product. Hence, the FFT-based
probing vector f2,2 can be optimally designed by

fPA =
[

1 0 1 0 1 0 1 0
]T

(34)

fRF =
[

1 1 i i −1 −1 −i −i
]T

, (35)

and

FBB =
1√
4
INs

. (36)
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The zero element of fPA means we deactivate the antenna.
As a result, we perfectly realize the FFT-based probing vector
f2,2 by antenna deactivation.

For general solutions, we start from Lemma 1. Any probing
vector can be rewritten as

fSmax−h,k =

√

m

Nt

(

ωk̂
Nt
m

⊗ jm

)

(37)

=

√

m

Nt

(

ωk̂
Nt
m

◦ iNt
m

)

⊗ (im ◦ jm) (38)

(a)
=

√

m

Nt

(

ωk̂
Nt
m

⊗ im

)

◦
(

iNt
m

⊗ jm

)

(39)

=

√

m

Nt

(

iNt
m

⊗ jm

)

◦
(

ωk̂
Nt
m

⊗ im

)

, (40)

where ⊗ denotes the Kronecker product. Note that (a) comes
from the equation (a ◦ b)⊗ (c ◦ d) = (a⊗ c) ◦ (b⊗ d) in
[31].

Next, we set s = Smax − h. Since m = 2h, Nt = 2Smax and,
we can derive

m = 2h = 2Smax−s , (41)

and

Nt

m
=

2Smax

2h
= 2Smax−h = 2s . (42)

In (37) and (40), by replacing the valueSmax − h = s, Nt

m =
2s, and m = 2Smax−s, any FFT-based probing vectoer can be
expressed as

fs,k =
1√
2s

(

i2s ⊗ j(2Smax−s)

) ◦ (ωk̂
2s ⊗ i(2Smax−s)

)

(43)

=
(

i2s ⊗ j(2Smax−s)

) ◦ (ωk̂
2s ⊗ i(2Smax−s)

) 1√
2s

INs
(44)

= (fPA ◦ fRF)FBB. (45)

According to (44), the hybrid design of fs,k can be set by

fPA = i2s ⊗ j(2Smax−s), (46)

fRF = ωk̂
2s ⊗ i(2Smax−s), (47)

and

FBB =
1√
2s

INs
. (48)

The role of baseband precoder is just for power normalization.
All zero elements of fPA means we deactivate these antennas,
that is, turn off part of antennas.

VI. SIMULATION RESULTS OF THE FFT-BASED PMBE

In this section, we numerically evaluate the performance
of the FFT-based PMBE. All parameters are identical to that
in Section IV (Nt = 64, Nr = 16, N t

RF = 16, Nr
RF = 4,

Ns = 4 and L = 4). All curves are averaged over 100 channel
realizations.

Fig. 12. RX eigenbeam pattern process by iteratively performing the FFT-
based PMBE. Parameter p represents the number of iterations. As a result, the
FFT-based PMBE leads to a stronger concurrent eigenbeam pattern.

A. Enhanced Concurrent Multi-Beam Training

Fig. 12 shows the eigenbeam transformation of the FFT-based
PMBE over the identical channel in Fig. 6. The number of the
iterations in Fig. 12(a) to (c) are 1, 3, and 5, respectively. As
the iteration increases, the FFT-based PMBE algorithm not only
enhances the multi-beam effect, but also keeps refining the es-
timated eigenbeams. Hence, the enhanced multi-beam mecha-
nism and refinement mechanism are accomplished through the
FFT-based PMBE.

B. Performance Comparison of Training Overhead

Compared Fig. 12(a) with Fig. 6(a), at 1 iteration, the eigen-
beam pattern of the FFT-based PMBE covers three different
eigen-directions while that of the DFT-based PMBE only cov-
ers two different eigen-directions. The multi-beam effect of the
FFT-based PMBE is more stronger. Meanwhile, Fig. 13 shows
the FFT-based PMBE has a significant performance improve-
ment compared with the DFT-based PMBE does.

The multi-beam mechanism is crucial, especially for an ultra-
low latency system. Fig. 13 also shows, within 300 training steps,
that the FFT-based PMBE reaches more than 85% spectral effi-
ciency of the exhaustive search; in the contrast, the ACE algo-
rithm fails. In addition, with 500 training steps, the FFT-based
PMBE brings 2.5 times of spectral efficiency of the ACE. The
FFT-based PMBE brings a larger capacity leap than the ACE
even under strictly-limited training time.

C. Performance Comparison of Different SNR

The achievable data rate of the FFT-based PMBE are simu-
lated with different iterations. As shown in Fig. 14, more than
90% capacity gain of the exhaustive search can be achieved
within 4 iterations at the high SNR. Furthermore, the perfor-
mance is close to that of the exhaustive search as the number of
the iteration increases.
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Fig. 13. Comparison of the training overhead with other estimation methods (
NS = 4, Sint = 3). Compared with other cases, the FFT-based PMBE leads
to a progressive performance with another iterations, especially in short training
time slots.

Fig. 14. Averaged spectral efficiency analysis for the FFT-based PMBE
algorithm. This results indicate that as the number of the iteration increase,
the performance is more close to that of exhaustive search method.

D. Performance Comparison of Fully-Connected Structures

We evaluate the training overhead on different fully-
connected architectures, Ns = 1, 2, 3 (Ns-best search algo-
rithm). As shown in Fig. 15, all estmaiton algorithms exhibit
relatively similar performance close to the optimal performance.
The parameters lo and lA denote as the number of the training
steps of the FFT-based PMBE and ACE, repectively. Overall,
the FFT-based PMBE only spends around an half number of the
training steps of the ACE but reaches a better data rate over all
SNR (lo 	 lA).

E. Performance Comparison of Fully-Connected Structure
and Sub-Connected Structure

Our FFT-based PMBE exploits the FFT-based probing vec-
tors to estimate a multi-path channel. No matter on which hybrid
architecture, the fully-connected or the sub-connected structure,
the used FFT-based probing vectors are perfectly designed as we

Fig. 15. Spectral efficiency versus received SNR on different fully-connected
architectures, Ns. Closed to optimal performance, the FFT-based PMBE only
spends an half of the training steps of the ACE (lo 	 lA) but achieves better
performance.

discussed in Section III-C and Section V-C. Hence, the perfor-
mances of the FFT-based PMBE on a sub-connected structure
are identical with that on a fully-connected structure.

VII. CONCLUSION

This work presents an indoor multi-path channel estima-
tion for mmWave transmission. First, we propose the progres-
sive multi-beam estimation (PMBE) which trends to establish
multiple channel links concurrently. Furthermore, to enhance
the multi-beam mechanism, we further propose the FFT-based
PMBE, which combines the FFT-based codebook with PMBE.
Meanwhile, this FFT-based probing vectors can be designed on
the sub-connected architecture. Under the strictly-limited train-
ing time, this enhanced method leads to significant improvement
of spectral efficiency. Hence, the FFT-based PMBE is suitable
for low-latency and low-cost required devices.

APPENDIX

A. Proof of Lemma 1

We start from a Nt-point DFT matrix. A element in the k-th
column and the n-th row of the Nt-point DFT matrix without
power normalization can be expressed as

W kn
Nt

=
1√
Nt

× ej
2πkn
Nt . (49)

If a probing vector f equals to the k-th column of a Nt-point
DFT matrix, its beamforming gain at the AoD ϕ equals to

BG (f) = [f ]Ta (ϕ) =

[

1√
Nt

ωk
Nt

]T

a (ϕ) (50)

=

Nt−1
∑

n=0

W kn
Nt

ej
2πn

λ
d sin(ϕ) Δ

= adNt
(k, ϕ) , (51)

where d and λ stand for the antenna spacing and the signal wave-
length, respectively. The function BG(f) returns the beamform-
ing gain generated by the probing vector f.
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Lemma 2: If a probing vector equals to the k-th column of a
Nt-point DFT, the following holds,

a2d
Nt

2
(k, ϕ) =

1√
2

{

adNt
(k, ϕ) + adNt

(

k +
Nt

2
, ϕ

)}

, (52)

where k = 0, . . . , Nt

2 − 1.
Proof: Please refer to Appendix B.
Without loss of generality, we set M = 2, the parameter of

codebook partition. Based on the FFT-based codebook structure,
the FFT-based probing vertor fSmax−1,k is given by

fSmax−1,k =
1√
2

(fSmax ,2k + fSmax ,2k+1) . (53)

Hence, according to (50) and (53), the beamforming gain of
fSmax−1,k at the AoD ϕ can be rewritten as

BG (fSmax−1,k) =
1√
2
BG (fSmax ,2k + fSmax ,2k+1) (54)

=
1√
2
BG (fSmax ,2k) +

1√
2
BG (fSmax ,2k+1) (55)

(b)
=

1√
2
BG

(

ω
̂2k
Nt√
Nt

)

+
1√
2
BG

⎛

⎝

ω
̂2k+1
Nt√
Nt

⎞

⎠ (56)

(c)
=

1√
2
BG

(

ωk̂
Nt√
Nt

)

+
1√
2
BG

⎛

⎝

ω
k̂+

Nt
2

Nt√
Nt

⎞

⎠ (57)

(d)
=

1√
2

{

adNt

(

k̂, ϕ
)

+ adNt

(

k̂ +
Nt

2
, ϕ

)}

(58)

(e)
= a2d

Nt
2

(

k̂, ϕ
)

. (59)

whereωb̂
m as the b̂-th column of the m-point DFT matrix without

power normalization, where b̂ represents the bit-reversal value
of b with m bits. Note that (b) comes from the definition of
the FFT-based codebook, that (c) comes from ̂2k + 0 = k̂ and
̂2k + 1 = k̂ + Nt

2 , that (d) comes from the equation (51), and
that (e) comes from Lemma 2. Therefore, we obtain

BG(fSmax−1,k)
Δ
= a2d

Nt
2

(

k̂, ϕ
)

. (60)

After recursive calculation form (54) to (59), we can drive a
general equation as

BG(fSmax−h,k)
Δ
= a2hd

Nt
2h

(

k̂, ϕ
)

. (61)

Then, we letm = Mh = 2h. The equation (61) can be rewrit-
ten as

BG (fSmax−h,k) = amd
Nt
m

(

k̂, ϕ
)

(62)

=

Nt
m −1
∑

n=0

W
k̂(n)
Nt/m

ej
2πn

λ
(md) sin(ϕ) (63)

=
[

ωk̂
Nt
m

⊗ jm

]T

a (ϕ) . (64)

According to the definition of (50) and the result of (64), we
get

BG (fSmax−h,k) = [fSmax−h,k]
T a (ϕ) (65)

=
[

ωk̂
Nt
m

⊗ jm

]T

a (ϕ) . (66)

Hence, Lamma 1 is proven as follows:

fSmax−h,k = ωk̂
Nt
m

⊗ jm (67)

B. Proof of Lemma 2

If a probing vector equals to the k-th column of the Nt-point
DFT matrix, its beamforming gain at the AoDϕ can be expressed
as

adNt
(k, ϕ) =

Nt−1
∑

n=0

W kn
Nt

ej
2πn

λ
d sin(ϕ) (68)

=

Nt/2−1
∑

n=0

W
k(2n)
Nt

ej
2π(2n)

λ
d sin(ϕ)

+

Nt/2−1
∑

n=0

W
k(2n+1)
Nt

ej
2π(2n+1)

λ
d sin(ϕ)

=
1√
2

Nt/2−1
∑

n=0

W
k(n)
Nt/2e

j 2πn
λ

(2d) sin(ϕ)

+
1√
2
W k

Nt

Nt/2−1
∑

n=0

W kn
Nt/2 e

j
2π(2n+1)

λ
d sin(ϕ)

=
1√
2
a2d
Nt/2 (k, ϕ) +

1√
2
W k

Nt
bdNt/2(k, ϕ) , (69)

where k = 1, . . . , Nt/2, and

bdNt/2 (k, ϕ) =

Nt/2−1
∑

n=0

W kn
Nt/2 ej

2π(2n+1)
λ

d sin(ϕ). (70)

Similarly, we can get

adNt

(

k +
Nt

2
, ϕ

)

=
1√
2
a2d

Nt
2
(k, ϕ)− 1√

2
W k

Nt
bdNt

2
(k, ϕ) . (71)

By adding (69) and (71), Lamma 2 is proven as follows:

adNt
(k, ϕ) + adNt

(

k +
Nt

2
, ϕ

)

=
√

2 · a2d
Nt/2 (k, ϕ) . (72)
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